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The design of quantum control methods has been shown to greatly improve the performance of
many evolving quantum technologies. Here, we develop a new mechanism to speed up the evolution
of any quantum dynamical system by simply rescaling the time of a reference driving process; an
approach which can also work as a shortcut to adiabaticity. It is shown that the fast process
preserves the main characteristics of the work distribution of the reference (slow) process, which
is an important ingredient for the construction of powerful thermal machines. Our findings are
illustrated for three systems, namely the parametric oscillator, the transport of a particle in a
harmonic trap, and the spin-1/2 in a magnetic field.
PACS numbers:
I. INTRODUCTION
The very act of controlling the dynamics of atomic sys-
tems has continuously changed its status from being an
obscure dream in the first years of quantum theory to
an indispensable tool in many evolving research areas [1–
9]. For example, in the emerging field of quantum ther-
modynamics, real quantum heat engines are expected to
operate in a finite time cyclic process, a fact which, in gen-
eral, gives rise to a trade-off between efficiency and power
[10]. Then, one of the main challenges in the area is the
optimization of the efficiency of microscopic thermal ma-
chines, while sacrificing the minimum of output power
[11]. In this respect, it is of fundamental importance to
devise quantum processes aiming to prepare and manipu-
late states in the shortest time possible. In the particular
case of finite time thermodynamic transformations, there
is a growing theoretical and experimental interest in the
study of alternative fast processes that mimic adiabatic
ones, the so-called shortcuts to adiabaticity (STA) [12–
14]. With this motivation, many techniques have been
developed. For example, using dynamical invariants [15],
the fast-forward (FF) technique [16–18], the inversion of
scaling laws [19], and the counterdiabatic driving (CD)
[20–23].
Within this class of STA scenarios, CD, also known
as transitionless quantum driving, is the one that allows
applications in a variety of quantum systems, as long as
the spectral structure is accessible [24–26]. In this tech-
nique, one has initially a reference time-dependent Hamil-
tonian Hˆ0(t), with instantaneous eigenvalues {En(t)}
and eigenkets {|nt〉}, and from it constructs an auxil-
iary Hamiltonian Hˆ1(t), such that their collective effect,
Hˆ(t) = Hˆ0(t)+ Hˆ1(t), drives the system exactly through
the manifold generated by Hˆ0(t) in a shorter time. There-
fore, when Hˆ0(t) generates an adiabatic evolution, Hˆ(t)
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represents an STA. It can be demonstrated that Hˆ1(t) =
i~
∑
n(|∂tnt〉 〈nt| − 〈nt|∂tnt〉 |nt〉 〈nt|), which shows that
calculating Hˆ(t) demands the instantaneous eigenkets
|nt〉. However, the task of obtaining these eigenkets is
usually very complicated, which has limited the useful-
ness of the method [27].
In this work, we introduce a new scheme to speed up
an arbitrary quantum process, which is taken as the refer-
ence protocol, by simply rescaling the time dependence
of the Hamiltonian. Similar to the CD case, when the
reference is adiabatic, the method works as a STA pro-
tocol. After establishing the general theory, our findings
are illustrated for three experimentally relevant systems,
namely the parametric harmonic oscillator, the transport
of a particle in a harmonic trap, and the spin-1/2 in a
magnetic field. Despite not being transitionless as the
CD method, the construction of our fast protocol does
not require knowledge about the spectrum of the system,
and the work distribution function preserves all main fea-
tures of the reference driving.
II. TIME-RESCALING METHOD
Consider a closed quantum system on which we desire
to perform a protocol according to a unitary time evolu-
tion operator Uˆ(t, 0), acting between an initial time 0 and
a final time tf , with a time-dependent Hamiltonian Hˆ(t).
This operator must satisfy the Schro¨dinger equation,
Hˆ(t)Uˆ(t, 0) = i~ ∂
∂t
Uˆ(t, 0). (1)
The solution of Eq. (1) for the case in which the Hamilto-
nian is time-dependent but the Hˆ ’s commute at different
times, subject to the initial condition Uˆ(0, 0) = I, where
I is the identity operator, is [32]
Uˆ(tf , 0) = exp
{
− i
~
∫ tf
0
Hˆ(t)dt
}
. (2)
Here, we call it the reference evolution operator. At this
point, if we rescale the time using the function t = f(τ),
2the above equation can be rewritten as
Uˆ(tf , 0) = exp
{
− i
~
∫ f−1(tf )
f−1(0)
Hˆ(f(τ))f ′(τ)dτ
}
= exp
{
− i
~
∫ f−1(tf )
f−1(0)
Hˆ(τ)dτ
}
, (3)
where Hˆ(τ) = Hˆ(f(τ))f ′(τ) is the time-rescaled (TR)
Hamiltonian, with f ′(τ) and f−1(τ) being the first deriva-
tive and the inverse of f(τ), respectively. Let us call the
operator of Eq. (3) the TR evolution operator. From
Eqs. (2) and (3) we observe that, when applied to an
arbitrary initial state |ψ(0)〉, the reference and TR evo-
lutions produce exactly the same final state, |ψ(tf )〉 =
Uˆ(tf , 0) |ψ(0)〉. However, this equivalence is achieved
only if the reference and TR Hamiltonians, Hˆ and Hˆ,
are applied between the corresponding time (integration)
intervals. In the latter case, the desired action of Hˆ ma-
terializes in the time interval between τ = f−1(0) and
τ = f−1(tf ).
Let us clarify in more detail the importance in the
freedom of writing the time evolution operator Uˆ(tf , 0)
of Eq. (2) in the form shown in Eq (3). As already indi-
cated, in both equations the resulting effect of Uˆ(tf , 0)
is precisely the same, independent of the initial state
|ψ(0)〉 on which they act. On the one hand, when writ-
ten in the first (reference) form, the time evolution is
generated by the Hamiltonian Hˆ acting during a time
interval ∆t = tf . On the other hand, this same evo-
lution can be alternatively generated by the Hamilto-
nian Hˆ(τ) = Hˆ(f(τ))f ′(τ) acting during a time interval
∆τ = f−1(tf ) − f−1(0). A fundamental point to be no-
ticed is that we have freedom of choosing the rescaling
function f(τ), and this choice is what determines whether
the alternative TR protocol is slower (∆τ > ∆t) or faster
(∆τ < ∆t) than the reference driving protocol. In the
latter case, the TR evolution would represent a shortcut
to the final state. Yet, some remarks must be made on
the state of the system and the reference time evolution.
First, the initial and final states, |ψ(tf )〉 and |ψ(0)〉, do
not have to be eigenstates of the initial and final Hamil-
tonians, respectively. Second, there are no constraints on
the dynamics of the reference protocol, e.g., whether it
is adiabatic or not.
As discussed in the introduction, a case of potential
interest for quantum control technologies is when the ref-
erence evolution produces an adiabatic transformation in
the quantum system from |ψ(0)〉 to |ψ(tf )〉, and we are
able to create an equivalent process which is faster. In
the present context, if there is a realizable TR protocol
satisfying this demand, it would represent a STA. Let us
now focus on this case by assuming that the reference
process is adiabatic. In these circumstances, the prob-
lem of devising a genuine STA is reduced to finding an
adequate rescaling function f(τ) such that the initial and
final Hamiltonians are equal to those of the reference adi-
abatic process, and, of course, guarantee that ∆τ < ∆t.
It is easy to see that this task is accomplished if the fol-
lowing four requirements are fulfilled: (i) the initial times
must be equal: f−1(0) = 0, (ii) the TR protocol must be
faster: f−1(tf ) < tf , (iii) the initial Hamiltonians must
be equal: Hˆ(f−1(0)) = Hˆ(0), and (iv) the final Hamil-
tonians must be equal: Hˆ(f−1(tf )) = Hˆ(tf ). Assuming
that there exist such a TR Hamiltonian satisfying these
four requirements, it is important to observe that a STA
also takes place even if the Hˆ ’s do not commute at dif-
ferent times. In this case we have
Uˆ(tf , 0) = Tˆ exp
{
− i
~
∫ tf
0
Hˆ(t)dt
}
= Tˆ exp
{
− i
~
∫ f−1(tf )
f−1(0)
Hˆ(τ)dτ
}
, (4)
where Tˆ denotes the time-ordering operator.
As can be observed, the problem of satisfying the STA
requirements lies in the choice of an appropriate time-
rescaling function f(τ) to be used in Eq. (3) (or Eq. (4)).
The requirements (i) and (ii) are explicit, and finding
a function which satisfy both is trivial. On the other
hand, properties (iii) and (iv) can be both fulfilled if
f ′(f−1(0)) = f ′(f−1(tf )) = 1. Thus, any candidate func-
tion f(τ) meeting these criteria can be used in the ex-
pression of Eqs. (3) or (4) to turn it into a STA protocol,
as an alternative to the reference (adiabatic) evolution.
For example, the function
f(τ) = aτ − tf
2pia
(a− 1) sin
(
2pia
tf
τ
)
(5)
have the properties f−1(0) = 0, f−1(tf ) = tf/a, f
′(0) =
1 and f ′(tf/a) = 1. These elements qualify this function
as an adequate time-rescaling function for any a > 1,
which we call the time contraction parameter. That is
to say that the reference protocol given in Eq. (2) can
be realized a times faster, with exactly the same effect,
applying the TR protocol of Eq. (3) with f(τ) given as
in Eq. (5) [28]. Therefore, under these conditions, the
TR protocol gains the status of STA. We want to call
attention to the fact that f(τ) of Eq. (5) is not unique,
so that one can look for many other functions that satisfy
the STA requirements.
From a mathematical point of view, the time rescaling
method to generate shortcuts, as shown for example in
Eq. (3), can also be understood as a joint modification
in the passage of time dt → f ′(τ)dτ , the time depen-
dence of the original Hamiltonian Hˆ(t) → Hˆ(f(τ)), and
the evolution time ∆t → ∆τ . This is why we call it
“time-rescaled quantum dynamics”. However, we obvi-
ously cannot make time passes at a different rate in prac-
tice. Then, the trick was to embody the function f ′(τ)
into the Hamiltonian Hˆ(t)→ Hˆ(f(τ))f ′(τ), and recover
the natural passage of time dt → dτ . In theory, such
modification in the time dependence of the Hamiltonian
is achievable for any controlled quantum dynamics. To il-
lustrate the present proposal, we address three problems
3of fundamental and practical interest: the parametric os-
cillator, the transport of a particle in a harmonic trap,
and the spin-1/2 system in a magnetic field.
III. PARAMETRIC OSCILLATOR
The parametric oscillator is described by the one-
dimensional Hamiltonian
Hˆ(t) =
pˆ2
2m
+
1
2
mω2(t)xˆ2, (6)
where xˆ and pˆ are the position and momentum operators,
respectively. The parameter m is the mass of the oscil-
lator, and ω(t) is a time-dependent angular frequency.
Note that the time dependence of Hˆ(t) is due only to
ω(t), as seen in Fig. 1. Let us consider that we perform
a given protocol during a time interval from t = 0 to
t = tf , by varying the frequency of the oscillator under
a prescribed scheme, which is ruled by the transforma-
tion in Eq. (2). Suppose now that we want to shorten
the time duration of the process to last from τ = 0 to
τ = tf/a, producing the same final state, by using the
TR protocol. In this case, the reference Hamiltonian Hˆ
must be replaced by the TR Hamiltonian
Hˆ(τ) = f ′(τ) pˆ
2
2m
+
1
2
mω˜2(τ)xˆ2, (7)
with f(τ) as given by Eq. (5), and the TR frequency
obeying ω˜2(τ) = f ′(τ)ω2(f(τ)). The realization of ω˜(τ)
takes place by simply changing the intensity and the time
dependence of the fields that generate the harmonic po-
tential.
FIG. 1: (Color online) Parametric harmonic oscillator with
ω(t) being an increasing function of time. For the control pro-
cess to be considered as adiabatic or a STA, the populations
of particles in each energy level must be the same both at the
beginning and the end of the protocol.
As an example, let us consider the case of a compres-
sion stoke of a given quantum heat machine, in which the
following boundary conditions are necessary: ω(0) = ω0,
ω(tf ) = ωf > ω0, ω˙(0) = 0, and ω˙(tf ) = 0. The first two
conditions characterize the compression, and the last two
conditions are necessary for the potential to be static at
the beginning and the end of the stoke. With such re-
quirements, we assume now that the angular frequency
of the reference process varies according to the relation
ω(t) = ω0 + (ωf − ω0) sin2(pit/2tf ). Therefore, the corre-
sponding angular frequency in the TR protocol becomes
ω˜(τ) =
[
a− (a− 1) cos
(
2pia
tf
τ
)] 1
2
×{
ω0 + (ωf − ω0) sin2
[
pia
2tf
τ −
(
a− 1
4a
)
sin
(
2pia
tf
τ
)]}
.
(8)
Observe that ω(0) = ω˜(0) = ω0, and ω(tf ) = ω˜(tf/a) =
ωf , as it should be. In Fig. 2 we display the behav-
ior of the TR angular frequency for some values of the
contraction factor.
FIG. 2: (Color online) Time dependence of the angular fre-
quency of the parametric oscillator for some values of the con-
traction factor a. The a = 1 curve represents the reference
protocol. In all cases we assumed ωf = 6ω0.
At the same time, depending on the quantum sys-
tem we deal with, the modulation of the kinetic energy
term with the function f ′(τ) in Eq. (7) may come in
different forms. For example, if the trapped particle
has a net charge q, the momentum can be controlled
with the application of a time-dependent magnetic field
B(τ) to cause the transformation pˆ→ pˆ− qA(τ), where
A(τ) is the time-dependent vector potential satisfying
B(τ) = ∇×A(τ). However, as we shall see, for this mo-
mentum control to occur it is necessary that magnetic
field be perpendicular to the trapping direction x [33].
We now investigate with more detail the magnetic
field required to generate the appropriate manipulation
of the kinetic energy term. According to the TR pro-
tocol, Hˆ(t) → Hˆ(f(τ))f ′(τ), the vector potential must
satisfy the relation f ′(τ)pˆ2 = (pˆ− qA(τ))2, which yields
A(τ) = pˆ/q{1 − [f ′(τ)]1/2}xˆ, where xˆ is the unit vector
pointing to the positive x direction. Two important ob-
servations have to be made concerning this vector poten-
tial. First, it is independent of the coordinates x, y and z.
Second, due to gauge invariance, a constant factor added
to it at a given instant of time is not physically relevant,
but only the way it varies with time. Taking these two
facts into consideration, the required potential vector can
reduce to the simple form A(τ) = −B0[f ′(τ)]1/2xˆ, where
B0 is a positive constant. It can easily be verified that
the time-dependent magnetic field B(τ) = B0[f
′(τ)]1/2zˆ
4leads to the vector potential A(τ) = −B0y[f ′(τ)]1/2xˆ,
whose dependence on the coordinate y is irrelevant if the
charged particle is in fact confined to the x direction. In
this form, the field
B(τ) = B0
[
a− (a− 1) cos
(
2pia
tf
τ
)] 1
2
zˆ (9)
satisfies the required conditions to properly tune the ki-
netic energy. Observe that this field works independent
of the reference protocol, ω(t), andB(0) = B(tf/a) = B0.
Fig 3 illustrates the time profile of the magnetic field for
some values of a.
FIG. 3: (Color online) Illustration of the time dependence of
the magnetic field intensity applied to the parametric oscilla-
tor for some values of the contraction factor a. The constant
field in the a = 1 case represents the reference protocol.
Now, another important question arises: what is the
physical implication of B0? To answer this question, we
first consider Eq. (5) for a = 1. In this case, the TR func-
tion reduces to f(τ) = τ , which implies no time rescaling,
i.e., the reference protocol. Therefore, if we now look at
Eq. (9) with a = 1, we see that this equation is valid if
the reference protocol involves the application of a con-
stant magnetic field Bref = B0zˆ. That is to say that,
if we want that the magnetic field of Eq. (9) really pro-
vides the kinetic energy manipulation according to our
TR approach, the reference protocol must be described
by both the time-dependent angular frequency, ω(t), and
the application of Bref . It signifies that the momentum
operator pˆ in Eq. (7) is actually given by pˆ = pˆ′− qAref ,
where pˆ′ is the momentum of the particle free from any
external electromagnetic influence, and Aref is the vec-
tor potential due to Bref . In this form, B0 is simply the
magnitude of the constant magnetic field applied in the
reference protocol. In the case of an adiabatic reference
protocol, this magnitude must be set so that quantum
transitions are prevented.
IV. TRANSPORT OF A PARTICLE BY
MOVING A HARMONIC TRAP
We now consider the problem of accelerating the trans-
port of a particle by moving a harmonic trap, which has
been previously considered by some authors with differ-
ent approaches, whose experimental realization is proven
to be difficult [37]. However, some experiments have been
realized transporting ions in a Paul trap by few hundred
of micrometers, preserving the encoded quantum infor-
mation [29, 30]. In order to address this issue, we assume
the time-dependent 1D Hamiltonian as given by [31]
Hˆ(t) =
pˆ2
2m
+
1
2
mω2(xˆ− x0(t))2, (10)
where x0(t) is the “scalar transport function”, which lo-
calizes the position of the minimum of the harmonic po-
tential (see Fig. 4). In experimental applications, it is
convenient that the trap starts and ends up at rest in the
transport process, so that the scalar function should meet
the boundary conditions x0(0) = 0, x˙(0) = 0, x0(tf ) = d,
and x˙(tf ) = 0, where d is the distance travelled by the
trap.
FIG. 4: (Color online) Transport of a particle by moving a
harmonic trap. For the driving process to be labeled as adi-
abatic or a STA, the populations of particles in each energy
level must be the same both at the beginning and the end of
the time evolution.
Let us assume, for example, that the reference pro-
tocol is described by the transport function xo(t) =
d sin2(pit/2tf ), which meets the required boundary con-
ditions. Then, according to the TR method presented
here, which says that Hˆ(t) → Hˆ(f(τ))f ′(τ), the refer-
ence Hamiltonian Hˆ must be replaced by the TR Hamil-
tonian
Hˆ(τ) = f ′(τ) pˆ
2
2m
+
1
2
mω˜2(xˆ− x˜0(τ))2, (11)
with f(τ) given by the function in Eq. (5), so that the
TR angular frequency obeys ω˜2(τ) = f ′(τ)ω2, i.e.,
ω˜(τ) =
[
a− (a− 1) cos
(
2pia
tf
τ
)] 1
2
ω. (12)
Fig. 5 shows the typical profile of ω˜(τ). Note that ω˜(0) =
ω˜(tf/a) = ω.
On the other hand, the TR transport function has the
form
x˜0(τ) = d sin
2
[
pia
2tf
τ −
(
a− 1
4a
)
sin
(
2pia
tf
τ
)]
, (13)
whose typical profile is shown in Fig. 6 for some values of
a. Observe that x˜0(0) = 0 and x˜0(tf/a) = d, which are
5the required boundary conditions for a proper TR fast
process (a > 0). In regards to the kinetic energy term in
Eq. (11), it is precisely the one found in Eq. (7) for the
case of the parametric oscillator. Thus, the application
of a magnetic field as described in Eq. (9) also works in
the transport problem, as long as the particle is charged.
Also, the (reference) momentum operator pˆ in Eq. (10)
must be of the type pˆ = pˆ′ − qAref , as explained in the
previous section. That is, a result of the application of a
reference magnetic field Bref = B0zˆ.
FIG. 5: (Color online) Angular frequency of the harmonic
trap as a function of time for some values of the contraction
factor a. The constant ω curve (a = 1) corresponds to the
reference process, in which the trap does not change in shape.
FIG. 6: (Color online) Time dependence of the transport func-
tion of the harmonic trap for some values of the contraction
factor a. The reference transport process is represented by the
a = 1 curve. The constant d is the total distance travelled by
the trap in all protocols.
V. SPIN-1/2 SYSTEM IN A MAGNETIC FIELD
Now we turn to the study of a spin-1/2 particle in a
time-varying magnetic field B(t). In this case, the Hamil-
tonian is given by [32]
Hˆ(t) = γB(t) · Sˆ, (14)
where γ is the gyromagnetic ratio and Sˆ is the vector spin
operator for the particle, i.e., Sˆ = ~/2(σˆx, σˆy , σˆz), involv-
ing the Pauli matrices. Assuming that the Hamiltonian
of Eq. (14) generates the reference process, we have that
the TR time evolution operator is given as in Eq. (4),
with the TR function according to Eq. (5). That is,
Uˆ(tf , 0) = Tˆ exp
{
− i
~
∫ tf
0
Hˆ(t)dt
}
= Tˆ exp
{
− i
~
∫ tf/a
0
Hˆ(τ)dτ
}
, (15)
with
Hˆ(τ) =γ
[
a− (a− 1)cos
(
2pia
tf
τ
)]
B
(
aτ − tf
2pia
(a− 1)sin
(
2pia
tf
τ
))
· Sˆ. (16)
As a simple demonstration, we now consider the fa-
miliar case of a spin-1/2 particle in a constant magnetic
field oriented along the z-axis, B(t) = B0zˆ, as the ref-
erence protocol. The Hamiltonian is given simply by
Hˆ(t) = Hˆ = ΩSˆz, with Ω = γB0. In this form, the
evolution operator becomes Uˆ(tf , 0) = exp(−iΩSˆztf/~).
We will also assume that at t = 0 the particle is in
the state |ψ(0)〉 = |Sx,+〉 = 1/
√
2(|+〉 + |−〉), where
Sˆz |±〉 = ±~/2 |±〉. Accordingly, we have Uˆ(tf , 0) =
e−iΩtf/2 |+〉 〈+|+eiΩtf/2 |−〉 〈−|, which provides that the
state of the system after a time tf = pi/Ω is |ψ(pi/Ω)〉 =
Uˆ(pi/Ω, 0) |ψ(0)〉 = −i/√2(|+〉 − |−〉) = |Sx,−〉, up
to a global phase factor −i. Overall, we observe that
∆t = pi/Ω is the shortest time interval for which the
constant magnetic field B = B0zˆ causes a spin flip in the
x-direction. The uncertainty in energy of the initial state
|ψ(0)〉 can be found to be ∆E =
√
〈Hˆ2〉 − 〈Hˆ〉2 = ~Ω/2.
Hence, this configuration satisfy the relation ∆t∆E =
~pi/2, which is the limit of the Mandelstam-Tamm bound
[34], i.e., the quantum speed limit [35].
Now we investigate the effect of the TR protocol ob-
tained from the reference process above. In this regards,
for us to achieve an identical spin flip with the same ini-
tial and final Hamiltonians, in a shorter time interval, we
should apply the Hamiltonian
Hˆ(τ) =
[
a− (a− 1) cos
(
2pia
tf
τ
)]
ΩSˆz (17)
between τ = 0 and τ = tf/a = pi/Ωa, with the contrac-
tion factor a > 1. Indeed, if we have again the initial
state as |ψ(0)〉 = |Sx,+〉, the TR evolution generated by
Hˆ(τ) produces
|ψ(pi/Ωa)〉 = Uˆ(pi/Ωa, 0) |ψ(0)〉
= exp
{
− i
~
∫ pi/Ωa
0
Hˆ(τ)dτ
}
|Sx,+〉
= exp
{
− iSˆz
~
pi
}
|Sx,+〉 = |Sx,−〉 , (18)
6up to the same global phase factor −i of the original pro-
tocol. As desired, the TR protocol had the same effect
of the reference one, with the same final Hamiltonian.
Similar to the previous example, the reference protocol
with Hamiltonian Hˆ does not have to be necessarily adia-
batic. In such case, as already mentioned, the TR process
generated by Hˆ(τ) satisfy all STA requirements. About
the time energy uncertainty relation, we have now that
∆t∆E = ~pi/2a. This result is not a violation of the
Mandelstam-Tamm limit because this bound is not valid
for driven dynamics, i.e., parametrically varying Hamil-
tonians [35, 36]. For the sake of comparison, in Fig. 7 we
show the time dependence of the magnetic fields for the
reference and TR processes with different values of a.
FIG. 7: (Color online) Time dependence of the magnetic field
intensity for some values of the contraction factor a. We ob-
serve that the shorter the time interval of the TR protocol,
the higher the intensities involved. As required in the STA
criteria, all fields have the same intensity B0 of the reference
(a = 1) protocol at the initial and final times.
Additional important information can be obtained
from the curves shown in Fig. 7 with respect to the
time rescaling method. For example, the shorter the time
demanded to realize a given dynamics, the higher the in-
tensity of the field required. This characteristic is not
exclusive to the present example, or to a restrict class of
quantum systems. In fact, the integrals composing the
argument of the exponential operators in Eqs. (2) and (3),∫ tf
0
Hˆ(t)dt and
∫ f−1(tf )
f−1(0)
Hˆ(τ)dτ , respectively, must be
equal if we want that the reference and TR processes
produce the same resulting effect. However, these defi-
nite integrals can be geometrically understood as the area
under the energy versus time curve, which means that a
shorter TR process demands more energy, i.e, the exter-
nal fields responsible for generating the dynamics must
be more and more intense. Therefore, in practice, the
achievement of very short TR processes is limited both
by the intensity of the fields employed, and the fidelity
of its actual time evolution to the prescribed protocol
within the desired short time interval.
VI. COMPARATIVE ANALYSIS WITH OTHER
STA METHODS
At this stage, it is interesting to compare our TR quan-
tum dynamics proposal with other existing STA methods
[37]. First, we notice that our preliminary idea of “accel-
erating” a given quantum process is similar to that of
the FF dynamics [16, 17]. However, in that proposal the
objective is to derive an alternative potential from a refer-
ence one in which the wavefunction of the system have its
dynamics accelerated at some rate α, called magnification
factor. The focus of that method is mostly on the dynam-
ics of spatial wavefunctions, which faces a problem when
the Hamiltonian has a kinetic energy term, requiring a
change in the mass of the particle. Here, when solving
the problem of the parametric oscillator, we also faced a
similar obstacle. Nevertheless, we showed that this can
be circumvented by manipulating the momentum with an
external time-dependent magnetic field, whereas the FF
approach deals with it by keeping the kinetic energy term
and modifying the potential, unavoidably making it non-
linear, and externally controlling the phase of the wave-
function. In general, the two methods seem to be more
difficult to realize experimentally for continuous Hamil-
tonians, but the present one has been shown to be rather
simpler for discrete ones.
With respect to the CD method, as mentioned in the
introduction, one of the difficulties is that one needs to
know the instantaneous eigenkets of the reference Hamil-
tonian Hˆ0(t), |nt〉, a problem that is not found here. An-
other point is that the auxiliary Hamiltonian Hˆ1(t) are in
many cases of interest computable analytically, even for
continuous spectra, but the experimental realization is
problematic [12]. Comparatively, a further point which
must be mentioned is that, contrary to CD processes,
our TR protocol is not transitionless. In fact, if we ob-
serve Eqs. (2) and (3), we see that the reference and TR
evolution operators are only equivalent for those specific
limits of integration, i.e., they differ from each other at
intermediate times. It means that if the reference proto-
col is adiabatic, i.e., the physical system remains in its
instantaneous eigenstate along the whole evolution, the
corresponding TR process will only provide this effect at
the final time. In the next section we study the energies
involved in the reference and TR processes, and compare
the results with those for the CD approach, from a quan-
tum thermodynamical point of view.
VII. WORK DISTRIBUTION PROPERTIES
We now investigate the properties of the work realized
on the system in both the reference and TR protocols.
For this purpose, we begin analyzing the work cost nec-
essary to cause a given transformation in a quantum sys-
tem [38]. Let us suppose that initially the system is in
thermal equilibrium with a heat bath at a temperature
T , such that the initial state is the Gibbs thermal state.
7If we let Hˆi, E
i
n and |n〉 denote the initial Hamiltonian
and the respective eigenvalues and eigenkets, the initial
state is ρˆ(0) =
∑
n e
−βEin/Z |n〉 〈n|, where Z = tr(e−βHˆi)
is the partition function, and β = 1/T in units of Boltz-
mann’s constant. The first step to capture some infor-
mation about the work realized on the system is to make
a measurement of its energy at t = 0. In this case, we
obtain an outcome Ein with probability P
i
n = e
−βEin/Z.
After this measurement, we immediately disconnect
the system from the bath and apply the desired evolu-
tion protocol, Uˆ(tf , 0). At the end of the process, at
t = tf , we make a second measurement of the energy of
the system. At this moment the Hamiltonian is Hˆf , with
Efm and |m〉 being the respective eigenvalues and eigen-
kets. Thus, the probability to find an outcome Efm in
this new measurement is P fn→m = 〈m|Uˆ(tf , 0)|n〉. Since
the systems is closed during its evolution, we attribute
all energy variation to the work performed in the process
from |n〉 to |m〉, i.e., W = Efm−Ein. Because Efm and Ein
vary for each run of the protocol due to both thermal and
quantum mechanical influence, we understand that W is
a fluctuating quantity. Taking all these elements into ac-
count, the work probability distribution in this two-point
measurement scheme is [39, 40]
P (W ) =
∑
n,m
P inP
f
n→mδ[W − (Efm − Ein)], (19)
where δ(x) is the Dirac delta function.
In many cases of interest, it is cumbersome to work
with P (W ) due to the large number of possible transi-
tions |n〉 → |m〉, and hence energy differences Efm − Ein.
This problem usually becomes simpler if we access the
characteristic function given by the Fourier transform of
P (W ),
χ(r) = 〈eirW 〉 =
∫ ∞
−∞
P (W )eirWdW. (20)
By substitution of Eq. (19) into Eq. (20), after some
mathematical manipulations, we obtain
χ(r) = tr{Uˆ†(tf , 0)eirHˆf Uˆ(tf , 0)e−irHˆi ρˆ(0)}. (21)
From the definition of χ(r) in Eq. (20), we can rewrite it
in terms of the statistical moments of W ,
χ(r) = 1 + ir〈W 〉 − r
2
2
〈W 2〉 − i r
3
3!
〈W 3〉+ · · ·. (22)
Now, if we use the expansions eirHˆf = 1+irHˆf−r2Hˆ2f/2+
O(r3) and e−irHˆi = 1−irHˆi−r2Hˆ2i /2+O(r3) in Eq. (21),
and compare the result with Eq. (22), we can make the
following identifications:
〈W 〉 ≡ 〈Hˆf 〉tf − 〈Hˆi〉0 (23)
and
〈W 2〉 ≡ 〈Hˆ2f 〉tf+〈Hˆ2i 〉0−2tr{Uˆ†(tf , 0)Hˆf Uˆ(tf , 0)Hˆiρˆ(0)},
(24)
where we have defined the average of a given operator Aˆ
at a time t as 〈Aˆ〉t = tr{Uˆ†(t, 0)AˆUˆ(t, 0)ρˆ(0)}. Observe
from Eq. (23) that 〈W 〉 is the difference between the
average energy at t = tf and the average energy at t = 0,
which is not surprising. Yet, Eqs. (23) and (24) allows us
to calculate the variance of work 〈(∆W )2〉 = 〈W 2〉−〈W 〉2
as
〈(∆W )2〉 = 〈Hˆ2f 〉tf + 〈Hˆ2i 〉0 − 2tr{Uˆ†Hˆf UˆHˆiρˆ(0)}
− 〈Hˆf 〉2tf − 〈Hˆi〉20 + 2〈Hˆf 〉tf 〈Hˆi〉0, (25)
where, for simplicity, the time dependence of the evolu-
tion operator has been omitted. Here, we can also define
the work fluctuation simply as ∆W =
√
〈(∆W )2〉.
At this point, having defined the quantities that char-
acterize the work distribution P (W ), we shall compare
such results for an arbitrary reference protocol (adiabatic
or not) with the corresponding TR (STA or not) process.
First, we observe that the expressions for 〈W 〉 and 〈W 2〉
in Eqs. (23) and (24) depend uniquely upon the initial
and final Hamiltonians, Hˆi and Hˆf , and the evolution op-
erator Uˆ . Hence, the work fluctuation ∆W also depends
only on these three operators. However, as has been dis-
cussed, the reference and TR processes have precisely the
same expressions for these three operators. Therefore, we
have that
〈W 〉tr = 〈W 〉ref (26)
and
∆Wtr = ∆Wref . (27)
These two important results indicate that the mean work
done on the system and the broadening of the work dis-
tribution are the same for both the reference and TR
protocols. In a similar fashion, it was shown in Ref. [41]
that the values of 〈W 〉 and ∆W for the STA and adia-
batic processes are also equal in the case of CD driving,
i.e., 〈W 〉cd = 〈W 〉ad and ∆Wcd = ∆Wad, a fact that hap-
pens only after the completion of the protocols. Before
closing this section, we want to remark that, in consider-
ing the “energy cost” of the TR protocol, we investigated
only the energy flows from and to the system. However,
some works have proposed that a precise analysis should
also include the controlling device [42, 43].
VIII. CONCLUSION
We have proposed a mechanism to speed up the evolu-
tion of a quantum state by rescaling the time dependence
of a reference evolution protocol. In comparison with
the reference protocol, the time duration of the proposed
(TR) process can be shortened by an arbitrarily large
contraction factor. Moreover, the initial and final Hamil-
tonians are preserved, and no information about the spec-
trum of the system is needed. For the case in which the
reference protocol is adiabatic, it is shown that the TR
8protocol works as a shortcut to adiabaticity, which has
been proven to have a number of practical applications
in the quantum control of many-body systems. To il-
lustrate the present findings, we discussed our approach
under the perspective of the parametric oscillator, the
transport of a particle in a harmonic trap, and the spin-
1/2 particle in a magnetic field. In regards to the quan-
tum thermodynamic properties, we demonstrated that
the work distribution of the reference and TR protocols
have the same characteristics. Overall, we believe that
the present speed up operation has potential applications
in many quantum technologies as finite-time quantum
thermodynamics and many-body state engineering.
ACKNOWLEDGMENTS
The author acknowledges financial support from the
Brazilian funding agencies CAPES/Finance Code 001,
and CNPq, Grant Number 309292/2016-6.
[1] D. Dong and I. R. Petersen, IET Control Theory Appl.
4, 2651 (2010).
[2] A. D. O’Connell, et al. Nature 464, 697 (2010).
[3] L. M. K. Vandersypen and I. L. Chuang, Rev. Mod. Phys.
76, 1037 (2005).
[4] S. van Frank, et al., Sci. Rep. 6, 34187 (2016).
[5] C. Senko, P. Richerme, J. Smith, A. Lee, I. Cohen, A.
Retzker, and C. Monroe, Phys. Rev. X 5, 021026 (2015).
[6] P. Jurcevic, B. P. Lanyon, P. Hauke, C. Hempel, P. Zoller,
R. Blatt, and C. F. Roos, Nature (London) 511, 202
(2014).
[7] B. B. Zhou, et.al., Nat. Phys. 13, 330 (2017).
[8] C. Sayrin, et. al., Nature (London) 477, 73 (2011).
[9] B. L. Bernardo, A. Canabarro and S. Azevedo, Sci. Rep.
7, 39767 (2017).
[10] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and
G. Adesso, Thermodynamics in the Quantum Regime
(Springer, New York, 2018).
[11] American Physical Society Energy Efficiency Report
(2008) [http://www.aps.org/energyefficiencyreport].
[12] E. Torrontegui, et. al. Adv. At. Mol. Opt. Phys. 62, 117
(2013).
[13] A. del Campo, J. Goold and M. Paternostro, Sci. Rep. 4,
6208 (2014).
[14] S. Deng, A. Chenu, P. Diao, F. Li, S. Yu, I. Coulamy, A.
del Campo and H. Wu, Sci. Adv. 4, eaar5909 (2018).
[15] X. Chen, A. Ruschhaupt, S. Schmidt, A. del Campo, D.
Guery-Odelin, and J. G. Muga, Phys. Rev. Lett. 104,
063002 (2010).
[16] S. Masuda and K. Nakamura, Phys. Rev. A 84, 043434
(2011).
[17] S. Masuda and K. Nakamura, Proc. R. Soc. A 466, 1135
(2010).
[18] E. Torrontegui, S. Martinez-Garaot, A. Ruschhaupt, and
J. G. Muga, Phys. Rev. A 86, 013601 (2012).
[19] A. del Campo and M. G. Boshier, Sci. Rep. 2, 648 (2012).
[20] M. Demirplak and S. A. Rice, J. Chem. Phys. A 107,
9937 (2003).
[21] M. Demirplak and S. A. Rice, J. Chem. Phys. B 109,
6838 (2005).
[22] M. Berry, J. Phys. A: Math. Theor. 42, 365303 (2009).
[23] S. Deffner, C. Jarzynski, and A. del Campo, Phys. Rev.
X 4, 021013 (2014).
[24] S. Campbell, G. De Chiara, M. Paternostro, G. M.
Palma, and R. Fazio, Phys. Rev. Lett. 114, 177206
(2015).
[25] N. Wu, A. Nanduri, and H. Rabitz, Phys. Rev. B 91,
041115(R) (2015).
[26] H. Saberi, T. Opatrny, K. Molmer, and A. del Campo,
Phys. Rev. A 90, 060301(R) (2014).
[27] S. Campbell and S. Deffner, Phys. Rev. Lett. 118, 100601
(2017).
[28] The same argument is valid relating the reference and
TR processes in Eq. (4).
[29] R. Bowler, J. Gaebler, Y. Lin, T.R. Tan, D. Hanneke,
J. D. Jost, J.P. Home, D. Leibfried, and D.J. Wineland,
Phys. Rev. Lett. 109, 080502 (2012).
[30] A. Walther, F. Ziesel, T. Ruster, S. T. Dawkins, K.
Ott, M. Hettrich, K. Singer, F. Schmidt-Kaler, and U.
Poschinger, Phys. Rev. Lett. 109, 080501 (2012).
[31] D. Gue´ry-Odelin and J.G. Muga, Phys. Rev. A 90 063425
(2014).
[32] J. J. Sakurai, Modern Quantum Mechanics (Addison-
Wesley, Redwood City, 1985).
[33] L. D. Landau, E. M. Lifschitz, Quantum Mechanics
(Pergamon, Oxford, 1981).
[34] L. Mandelstam and I. Tamm, J. Phys. (USSR) 9, 1
(1945).
[35] S. Deffner and S. Campbell, J. Phys. A 50, 453001
(2017).
[36] F. Campaioli, F. A. Pollock, F. C. Binder, and K. Modi,
Phys. Rev. Lett. 120, 060409 (2018).
[37] D. Gue´ry-Odelin, A. Ruschhaupt, A. Kiely, E.
Torrontegui, S. Mart´ınez-Garaot, and J.G. Muga,
arXiv:1904.08448 (2019).
[38] W. L. Ribeiro, G. T. Landi, and F. L. Semia˜o, Am. J.
Phys 84, 948 (2016).
[39] P. Talkner, E. Lutz, and P. Hanggi, Phys. Rev. E 75,
050102(R) (2007).
[40] M. Campisi, P. Hanggi, and P. Talkner, Rev. Mod. Phys.
83, 771 (2011).
[41] K. Funo, J.-N. Zhang, C. Chatou, K. Kim, M. Ueda, and
A. del Campo, Phys. Rev. Lett. 118, 100602 (2017).
[42] X. Chen and J.G. Muga, Phys. Rev. A 82, 053403 (2010).
[43] E. Torrontegui, I. Lizuain, S. Gonza´lez-Resines, A. To-
balina, A. Ruschhaupt, R. Kosloff, and J.G. Muga, Phys.
Rev. A 96, 022133 (2017).
